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1. Introduction

An artificial neural network is a mathematical model based on the nervous
system of living beings. An important property of these models is the ability to
acquire and store information. At present there are a variety of continuous and
discrete neural network models.

In 1982 Jhon Hopfield [2] presented a new model of a recurrent discrete

neural network, which constitutes an associative memory with many applications
such as recognition of patterns, images, signals, etc.
In this paper we construct a new recurrent polynomial discrete neural network, in
the sense that we use fixed points of quadratic and cubic polynomial functions,
constructed by Rubio and Herndndez (2015). This new neural network generalizes
the recurrent quadratic neural network [8], which contained a single previously
fixed point attractor.

Our goal is to establish a method to construct the matrix of synaptic
weights, which will guarantee the stability of several fixed points attractors given
previously. In addition, we give an application of our network in the area of
pattern recognition.

2. Quadratic and cubic functions

In this section, we present some results obtained by Rubio and Hernandez
[6]. In the quadratic case, two points are given as a priori fixed points
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Xo,Xx1 € R, xo < x1, and we determine the quadratic function:
f(x) = Ax*> + Bx + C, (1)
where:
_ Ym ~Xm
© @m—x1)(®m—x0)
B = ym (X0 +x1)—x0x1—x5
(c1=xm ) (xm —x0)
lc= X021 Om=¥m)
(em—x1)(xm—x0)
The point (x,, , ¥) is given, such that (x,,xp), (x1,x1) and (x,, ,x,,,) are not
collinear.
By using theorem (5.1) of [6], with x,, =xy — €, V, =Xy, € =0.1, we
obtain:
a) x, is an attractor fixed point, (3)

b) x; is arepellent fixed point.

(2)

X1 [

)}

X0 ®

X0 X1
X
Fig.1. x, is an attractor fixed point.

By using theorem (5.4) of [6], with x,, =x;+¢€, y, =%x;, €e=0.1, we
obtain:
a) x, is a repellent fixed point. 4)
b) x; is an attractor fixed point.
c) In the cubic case, the pointsxgy, x1,x; € R, xg < x1 < x5, are given as
fixed points given previously, and we determine the cubic function:

d) f(x) =Ax3>+Bx*+Cx+D (5)
e) where, by theorem (3.1) of [6], we obtain:
( — —(Ym —Xm)
(XO_xm)(xl_xm)(xz_xm)
B = —(m —ym) (xo+x1+x2)
< (xo_xm)(xm_xl)(xm_XZ) (6)
C = —X0X1X2+X0X1Ym +X0X2Ym —X0X i +X1X2Ym —X1X5 —Xx5 X5
B (c0=%m) (e =x1) (e —x2)
—x0%1%2 (Xm =Ym)

T (ro—xm) (e —x1) Gt —x2)
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X1 ®

y

X0 .

X0 X1
N
Fig.2. x; is an attractor fixed point

The point (x,, ,y,) isgiven, such that

(x0,x0), (x1,%x1), (x32,x2) and (x,, ,x,,) are no collinear.

If x,, =x,+¢, y, =x,, € =0.1, we obtain:
a) x, and x, are attractor fixed points, (7)
b) x; is arepellent fixed point.

X2 o
= X 4
A0 ®
X0 x| X2

X
Fig.3. x, and x, are attractor fixed points

3. Generalization

In this section, we extend the theory about recurrent quadratic neural
network [8], in the case of several attractor fixed points.

We consider Z", where Z is the set of integer numbers, and let z, € Z" be,
zy = (28, ..., z}) such that:

zo = (0, ...,0 ,Z(I)VOH, e 20, (8)
No

where 1 < Ny <n-—2.

Following to Rubio and Hernandez [7], by using z,, we obtain the matrix
W, making:
1°. Wi'NO_{_lZ(I)VO-I—l + -+ Wi,nZ(r)l = 0, Vi = 1, ...,No. (9)

Without loss of generality, we solve for the last term:

n—1 Jj n _
YiNg+1 WijZy + Winzg =0,
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j

— n—1 2y
Win = = Zj=No+1Wij ;-
2° 'Z?=N0+1 Wi.jZ(]) + wyzg=2z5, Vi=Ny+1,...,n.
j#i
Then:
0 2
Wii =1 = 2jonor1 Wiy 7t
J#i
Therefore, the matrix W, have the form:
w. = (W w?
0 — W3 W4_ ’
where:
Wir Wi Wi1Np+1
wt=|( : : w2 = :
Whg, 1 " Whg,Ng W, No+1
Who+1,1 " Whp+1,N WNy+1,Ng+1
I/l/3 = : . : W4 — :
Wni o Wang Wi, No+1

(10)
(11)

(12)

(13)

We note that w;,, Vi=1,..,N, , are obtained by using (10), and w;; ,V i =

Ny + 1, ...,n, are obtained by using (12).

Now, we state and show some results, for that z, will denote both the vector

in Z" and the matrix of order n x 1, whose elements are the same of z,.

Theorem 1. Let W, be the matrix (13). Then:
WO'ZO = Zj.
Proof. By (8):

N———
Ng

_ No+1 n
ZO—<O,...,0,ZO yer Z0 |-

We obtain:

n J _yn Jj _ yn—1 J n

Q) Xi1Wij Zg = Xjong+1 Wij Zo = Xj=Ng+1Wij Z0 T WinZ0
n—1 j n n-1 Zé :

= j=N0+1Wi,j ZO +ZO (_Zj=NO+1Wi.j g) = O, Vi = 1, ...,No, by (10)

n j _wyn j :
b) ijlwl',j ZO _Z'=N0+1Wi,j ZO’ Vi = NO + 1,...,7’1

]

n

= Z(l)Wi,i + Z Wi,j Z]

j=No+1
j#i
ZJ

= 20(1 = Efang+1 Wi -0 + Ejano+1 Wiy Zg,

)

J#i J#i

= ZO .
by (12).
Since (a) and (b), we obtain that W,.z, = zj,.

(14)
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The next, we propose a methodology to achieve our goal.
So, we consider the Hamming space H" = {—1, 1}", and let:
Xpys Xpyr v Xp, € H* ={=1, 1}, x,, # Xp,» i+
Our method consist of the following steps:
1. Letz, =¥j_;x, be. Then: zt = ]T-=1xij ,Vi=1,..,n.
2. Now, we construct the vector z, € Z", taking into account that:
a) If z. # +r, then zj = 0.
b) If zL =+ 7, then z§ = z..
3. Let N, be the number of zeros of z,. It must be fulfilled that:
1<Ny<n-2.
4. Without loss of generality, we suppose that:

_ No+1 n
Zy = (0,...,0,20 ) s Z() >
Ny

(15)

(16)

(17)

(18)

5. By using the vector z, given by (8), we obtain the matrix W, given by

(13). Moreover, by theorem 1, we obtain that . zy = z,.

6. Since the matrix W, have N, free columns, we will assign values to its
components, such a way we can obtain the matrix W, according to the

following rule:
a.) Wi,i = 1, Vi= 1, ...,No.
b) Wi,i=0i Vi=1,...,n, Vj=1,...,N0, l;t]

Therefore, the matrix W is:

_(wt w?
W= (W3 W4)’
where:
1 - 0 WiNg+1 " Win
I/l/1 = ( > I/l/2 = ( : ‘e : )
o - 1 WnoNo+1 " Wnyn
0 - 0 WNo+1,No+1 " Why+1n
w3 = < ) w* = ( 5 S )
o - 0 Wn No+1 Wnon

(19)
(20)

(21)

Theorem 2. Let W be the matrix given by (21), and Xp, ,Vji=1,..,r the

vectors given by (15). Then:

pr,- = Xp; vji=1,..,r.
— 1 2 n o .
Proof. Let Xp, = (xpj,xpj, ...,xp],), Vj=1,..,r. We obtain:
n k — ylNo k n k
a) Zk:l Wi,k xp] - Zk:l Wi,k xp] + Zk=N0+1 Wi,k xp]
n—1
— 4l k n
= Xp, + Z Wik Xp; + XpWin
k=No+1

(22)
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k
X
— o n—1 k n n—1 Pj
= Xp; + Xkng+1 Wik Xp; + Xp, (= Xk=ng+1 Wi =), by (10).
Pj
:x;,j , Vi= 1,...,N0.

n A k n k
n

— ol k
= Xp Wi t Z Wik Xp;

k=No+1
k#i
n n
— L
= xpj (1 - Z Wi k ; ) + Z Wik Xp].
k=Ny+1 pj k=No+1
ki k#i

=x,, , Yi=Ng+1,..,n.

Theorem 3. Let W be the matrix given by (21), and Xo, == Xp, ,Vj=1,..,7.
Then:

Wxaj = Xa; Vji=1,..,r. (23)
Proof. Since (22): Wxy = x5, Vji=1,..,1.
—pr]. = —Xp,
W(—xp}.) = —Xp,

Therefore: Wxaj = X Vi=1,..,r.

4. Construction of Discrete Neural Network

Now, we construct the new polynomial discrete recurrent neural network
with more than one attractor fixed point given previously.
Let x, = —1, x; = 1 be, and we denote by:
a) f.(x) = A x? + B~x + C, the function given by (3).
b) fi.(x) = ATx? + B*x + C™, the function given by (4).
Letxy =—1, x; =0, x, =1 be, and we denote by:
fi(x) = A*x3 + B*x? + C*x + D*, the function given by (7).
The new polynomial discrete recurrent neural network is given by the application:
F:R"™ - R"defined by F(x) = (F;(x), ..., E,(x)), where:
f_(z;l:l Wi,j xj), if Z(i) = —7r
F(x) =S fi(Xfqwijx), ifzi=7r, Vi=1,..,n (24)
fi(z;lzl Wi,j x]) , if Z(i) = 0.
. € H™ be given by (15), and F:R™ — R™ given

Theorem 4. Let x,, , x X

P12 Ap2r e Ap
by (24).
Then:
a) F(xpk) = Xp, vk=1,..,r. (25)
b) F(xq,)= Xq,, Yhk=1,..,7. (26)
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Proof. Since (22): Wx, = x, , Vk=1,..,r
a) Let IW; be the i-th row of W matrix, then by (22) we obtain:
Wix,, =xh, , Vi=1,..,n
With which:

( n
f_(Z w;j 1)), if zh = —r
j=1

n
Fi(xp,) =1 f+(zwi,j x),ifzb=1, Vi=1,..,n
=1

n
fi Zwi’j xj ,lf Z(i) = 0.
Jj=1

fo(xh,) =xh, , if zy= —r
Fi(xy,, ) =3filxp,)=xb,, ifzj=7r, Vi=1,..,n
fe(xh, ) =xb, , ifzh= 0.
Fi(x,,)=x), ., Yk=1,.,n
Therefore: F(x,, )= x,,, Vk=1,..,1
b) This proof is analogous to the case (a).

5.  Stability

In this section, we study the stability of the fixed points given a priori,
guaranteeing that they will be attractive fixed points.
Let F:R™ — R™ be given by (24), where:

Fi(x) =
(

n n
AL_(Z Wi xj)Z + Bi_ Z Wi j x|+ Ci_' if Z(i) = —r
j=1 j=1

n n
= 9 A?(Zwi,jxj)2+3i+ Zwi_jxj +Ctifzs=7r, Vi=1,..,n

n n n
Aii(z: wi;x)3 + B;—L(Z w;; X))+ ct Z wi x|+ DF,if zi =0
\ =1 j=1 J=1

which is differentiable of C* (R™) class. The Jacobian matrix of F is:

JFG) = (G5 - (27)
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JF;(x)
axk
( n
247 ZWU ¥ |+ BD)wi, if zb = —r (28)
j=1
n
= { 47 ZWU ¥ |+Bwi, ifzi=r1, Vi=1,..,n (29)
j=1
n n
(3Aii(z w; x))? + 2B} zwi_j ¥ |+ oYW, ifzb= 0. (30)
\ j=1 j=1
Theorem 5. Let x, ,x,,,..,x, € H" be given by (15), and F:R" - R" given
by (24).
Then:
VFCp)|l | < Wlle , VE=1,..,7. (31)
Proof. By (28):

n |6Fi(xpt) —
k=11"gxk

2=1|(2Ai_(2;l=1 Wi x{;t) + B W]
= Y| QAT (T iy x),) + B {wi|
= Yioq| @A () + BD)| [wik| . by using (3):

< Yhoa|wikl (32)
By (29):
n OFi(xp )| _ v +(vn Jj +
k=1| k| = roa| QAT (X wij %)) + BDwyy|
= ZZ=1|(2A?(Z;I=1 Wi X{;t) + BH)| [wix|
= 22| AF(xb,) + BH)| |wik| , by using (4):
< Yhoi|wikl. (33)
By (30):
F, : .
k=1 |% = Z=1|(3Aii(2}1=1 Wi x{)t)z + 23?(2?:1 Wi xét) + Cii)Wi,kl

= Y0 [3AF(Eo wij x) )2 + 2BE (X0 iy %)) + CF| {wi]
= Yhoq|34F (%} )% + 2BF(x,) + CE| |wik| . by using (7):

< Yi=a|wikl - (34)

Finally, by (32), (33) y (34), we obtain:
WFCRN. <IWle , VE=1,....7.
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In this section we give an application of our polynomial discrete recurrent
neural network to the recognition of four patterns.

Example. Consider four patterns as shown in the figure 4.

P1

P2

P3

P4

Fig.4. The four patterns as attracting fixed points.

Note that for each pattern we will need 20 neurons. Now, to encode we will use

SR

L [=t
Coding the patterns we get:
X I I T N I T R T B I I R Af-1]1]1]1
P2l-1]-1]-1]a[1]1 2222111 ENENENE
P3|-1]-1]-1][-1]-1]12 |1 |1]-1]2 1 ]-1]-1 NN
PAl-1][-1]-1]1]af1 a1 [a]1]1]1]1 1111 ]1

Now, disturbing the patterns P1, P2, P3 and P4, and using our polynomial discrete
recurrent neural network, as can be seen in the figure 5, our neural network allows
to regenerate the patterns.
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Noise Pattern Regenerated patterns

Fig.5. Result of the polynomial discrete recurrent neural network.
7. Conclusion

In this paper we construct a new polynomial discrete recurrent neural
network with several fixed points attractors given previously, using the fixed
points of quadratic and cubic functions given by (1)-(7).

Using the relations given by (16)-(20); we construct the matrix W of the
synaptic weights. In theorem 5 it is proved that the norm of the Jacobian matrix
associated with the neural network at fixed points is less than the norm of the
matrix W; which guarantees the stability of the fixed points; methodology different
from that used by Hopfield [2], which makes use of the energy function associated
to the system. This new polynomial discrete recurrent neural network behaves as
autoassociative memory; allowing to reconstruct objects from certain information;
as in the recognition of images, sounds; as in the application example to the
recognition of four patterns.
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